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Abstract. 2014 The triply modulated incommensurate phase of berlinite and quartz is imaged by electron microscopy in c-zone axis orientation conditions. The systematic study of the images and of the incommensurate diffraction satellites shows that the apparently triangular dark/light contrast pattern obtained with the transmitted beam or a general hk0-reflection and the surrounding satellites can be explained by an interference contrast model similar to that for usual high resolution lattice imaging. This interference image is consistent with the phase relation of the triple incommensurate modulation conjectured by the minimisation of the free energy, according to the existing theoretical work.
J. Phys. France 50 (1989) The incommensurate phase of quartz (Si02) and berlinite (AIP04) [1] is one of the fascinating features of these materials that are interesting both for basic research and applications. Near the a-R phase transition, which has been known for almost a century in quartz [2] , anomalies were recently observed that led to the discovery of the incommensurate phase in both materials [3] [4] [5] . Earlier electron microscopy imaging had alreâdy revealed between the cl-and /3 -phases an apparently triangular ordered structure at about 10 nm scale [6, 7] [8] . The studies carried out ever since have revealed the rich variety of phenomena that occur in the incommensurate phase of berlinite and quartz [9] [10] [11] [12] [13] [14] .
In spite of the pioneering results obtained in transmission electron microscopy the later development has evoked doubts concerning the interpretation of the electron microscope observations. One of the particular objections was that the a-phase microtwin model of the triply incommensurate phase is not in agreement with the diffracted intensities in x-ray experiments [15] even though it seemed to explain reasonably well the contrast in electron microscopy [16] . On this basis it was argued that in the electron microscope one cannot observe the true incommensurate phase but only a transient interface structure. The recent observation of electron diffraction satellites [17, 18] , in good agreement with x-ray and neutron diffraction [1, 4, 5, 10] , already indicated that the same incommensurate phase can be studied by all these methods. Moreover, it was found out [17] that very regular triangular images can be recorded in the c-zone axis conditions, i.e. using the reflections of the hk0 reciprocal plane. This observation was in apparent contradiction with earlier electron microscopy work [6, 7] in which the triangular contrast was clearly visible only by using the basic reflections that show a different structure factor for the a-phase twins and that cannot be found in the hk0 reciprocal plane. The aim of the present report is to demonstrate that the images observed in the c-zone axis conditions do not depend on the structure factor of the basic hk0 reflection but can be understood by treating the contribution of the incommensurate satellites correctly. Actually a contrast model based on interference between the satellites and a basic reflection can account for the experimental observations. The observed interference image is in good agreement with the proposed structural models that assume a displacement mode with .!Z symmetry. This symmetry describes the atomic displacements of the ,S-a transition and was proposed in the first theoretical work [8] for the incommensurate modulation. It has been conserved in the more detailed model based on the coupling of the soft mode of the a-0 transition to the transverse acoustic (C66) mode [19] . As a consequence, while the a-phase microtwin structure is a possible limit near the lock-in transition, the structural model based on a-phase microtwins is not an absolute necessity for figure 11 (a) in [17] . Even in such imaging conditions certain properties (e.g. orientation and period) of the incommensurate modulation can be accurately examined.
The quite regular equilateral triangular pattern is characteristic of a single orientation variant of the incommensurate modulated phase. Images like that of figure 1 and the associated diffraction patterns confirm the triple q character of the modulation. Moreover they have shown us, as concluded earlier [17, 18] , that the temperature dependence of the modulation wave vector observed in the electron microscope is in good agreement with the results obtained by x-ray or neutron diffraction in more homogeneous temperature conditions. Triangular contrasts in electron micrographs were observed in the earlier studies [6, 7] but most observations were done in orientation conditions different from those we have currently used. The best contrasts were reported for dark field images with the 301 basic reflection that gives a structure factor contrast for the a-phase twins but that lies outside the c-zone axis. Some observations using the c-zone axis reflections were reported and the weak contrast was then explained as a result of the violation of Friedel's law in dynamic conditions [7, 16] . In that case no contrast is expected with the direct beam (bright field) [7] . Our figure 2 . This observation points out that the contrast depends on the satellites which surround the basic reflection and which unavoidably contribute to the image. A natural explanation is then an interference between the basic reflection and its satellites. Such an interference should produce intersecting sinusoidal fringe patterns whose orientation and spacing are determined by the satellite positions. This kind of image formation is the usual mode for obtaining so-called high resolution lattice images [22] . In fact a detailed study of the micrographs, using microdensitometer recordings and a comparison with calculated models has shown that the contrasts observed in figures 1 and 2 are of the form where ki, k2 and k3 are three vectors with equal length at 120° from each other, and where we take i = 1, 2, 3 for the images obtained using the 000 and hk0 basic reflections and their six satellites and i = 1, 2 for the h00 one with four strong satellites. The good agreement of the interference contrast model of equation (1) Figure 3 shows the microdensitometer recording of the observed regular triangular pattern compared with the calculated intensity variation. Figure 4 represents the calculated images that agree very well with the micrographs of figures 1 and 2. To understand why this phase relation is realised, we can examine the image formation in more detail. The general expression for the image intensity for a group of reflections with wavevectors q and complex amplitudes a qexp (i 0 q ) is [22] Here T (q ) is the transfer function of the electron microscope that depends on the defocus Az and the spherical aberration coefficient C,, k is the electron wavelength. Let us assume a basic reflection with amplitude ao and phase 00 and satellites around it at hexagonal positions + Qi, -Qi (Qi, Qj at 120°), with equal amplitudes aQ = a (-f--Qi) and with phases + i , 0 -i. Their interference will produce an image intensity that can be written in the form We [1, 23] have shown that the satellite intensities (oc aQ) are typically of the order of 10-2 times the main Bragg peak intensity (oc a 2). With such values (ao/aQ = 10) the peak-to-peak modulation in equation (3) is about 75 % of the constant background in optimal conditions, i.e. when the phase conditions of equation (4) maximize the modulation and when the 4&#x3E;0 dependent cosine term is equal to ± 1. The observed diffraction patterns and the interference images, for example figure 1, suggest that in the electron microscope the satellite intensity can be comparable to the intensity of the basic reflections. To explain this, we recall that in dynamical conditions the kinematically weak satellite intensities that have large extinction distances can be strongly amplified with respect to the main reflections or to the transmitted beam when the sample thickness corresponds to one of the extinction maxima for the latter [22] . This general remark is particularly helpful to understand the relatively high intensity of the OOOmn satellites around the direct beam. In principle their kinematical structure factor is weak in analogy with the h00(± 1)0 satellites [1, 9, 15] .
Another experimental fact is that the satellite intensity (and image quality) changes with extremely small changes of orientation. Qualitatively this is in agreement with the idea that the satellite intensity depends on dynamical diffraction through the main reflections that are not in exact Bragg conditions and whose contribution to the intensity has an exponential dependence on the excitation error [22] . This orientational sensitivity has a twofold consequence on the observation of images. First, subtle changes of orientation can favour the formation of a regular image by compensating for the small differences of the intensities of the satellites that are not expected nor observed [1] to be equal. In this respect we can note that our model calculations using equation (1) [22] .
According to x-ray observations the basic reflections have the same intensities in the /3-and incommensurate phases [15] which means that the average structure in this case has the P6222 symmetry, and that the projected potential of the average structure has a sixfold symmetry. The symmetry of the triply modulated incommensurate phase will depend on the displacement mode of the modulation. The presentation of resulting symmetry in the superspace formalism [24, 25] is briefly outlined in the appendix in the case of a displacement mode that is invariant in a threefold rotation around the c-axis but shows an inversion of the atomic displacements under twofold (and sixfold) rotation. This is in agreement with the 42 symmetry that is expected for the displacement mode of the incommensurate phase [9, 19] (see also [1] ). Accordingly, the displacement pattern consists of a single triply modulated mode with (here uj refers to the displacement of atom j in the unit cell, and the vectors Qi are of equal length and at 120° of each other). The structure modulated by these atomic displacements has a sixfold point group. Consequently, as discussed above, even in dynamical diffraction conditions the observed interference image is a true image of the projected potential of the crystal. Indeed in our experiments it is verified that the relative positions of the interference fringes do not change with the imaging conditions such as defocus or sample thickness. We can thus associate the phase relation of the interference fringes, equation (1) or (4a), with the phase relation of the modulation waves in equation (5) .
One may now wonder why a sixfold symmetric potential gives a triangular image, or what are the black and white « triangles » on the micrograph. According to the interference image formation the colour is associated with the phase of the potential, the black region corresponds to a given sense of displacements and the white one to the opposite sense, as depicted in figure 5 . In fact there is an ambiguity concerning the absolute colour of a given type of « triangles » that can be black or white depending on the reference phase. concerned the a 1/ a 2 type microdomain structure is not necessary for the interpretation of the images. However, under other conditions, the observed contrast has been explained by the structure factor difference and this is the point we want to discuss now. In a recent study [26] the incommensurate satellites were observed by electron diffraction in association with images. Quite remarkably, in the c-zone axis observations the geometrical relation of the satellites and of the fringe-like image corresponds exactly to the present interference model even though this possibility was not considered in the paper. In figures 3 and 4 of reference [26] Figure 2 in reference [26] is a good example of the distinctive structure factor contrast for the a-phase twins observed near the incommensuratea phase boundary. However, at higher temperatures, interference fringes clearly due to satellites are observed well inside the incommensurate phase. In figure 3 (b) of reference [26] a single incommensurate satellite of the 301 reflection is strongly excited and only one fringe direction is visible, perpendicular to the satellite wavevector, as expected. On another region of the same sample at slightly different orientation conditions, two satellites and two sets of intersecting fringes are observed, see figure 3(c) of reference [26] . These [17, 18] .
The earlier electron microscopy results of these materials had been criticised mainly because of the too restrictive interpretation of the early observations as an emphase microtwin structure. We want to point out that the detailed nature of the displacement mode occurring in the incommensurate modulation cannot be determined by electron microscopy. The similar dependence of the structure factor contrast on the operating reflection in the incommensurate and the a-phase is only a qualitative indication of the nature of the local atomic displacements. This is not, however, a reason for discarding the unique possibilities of electron microscopy for the study of intrinsic defects and kinetic phenomena of the incommensurate phase on the spatial scale of the modulation wavelength [17, 18] . [9, 19] The sixfold symmetry of the modulated phase has been concluded earlier [1] and the superspace symmetry was discussed briefly in a recent report [29] .
